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1.  Bound states – electron in an infinite potential well 

 Consider the situation whereby the electron is in a “Potential well” of infinite height, i.e.: 

In regions I & III, the potential is infinite.  That means there is no possibility of finding the particle 
there, so it must be confined to region II.  What is it’s configuration, i.e. can the particle have any 
energy and sit in any position within the well? 

The form of the potential is:   V = 0 for  0<x<L 
     V =  ∞  for x<0, x>L 

Schrödinger’s equation in region II is: 
 

ψ(x) = Aeikx + Be-ikx     where k =   
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Since the wave-function is zero outside the well, it must also be zero just at the boundaries  
(for continuity). 

 matching at left side              ψ (0) = A + B => A = - B 

 i.e.     ψ(x) = A(eikx – e-ikx) = Asin(kx) 

matching at right side             ψ (L) = 0 => Asin(kL) = 0   => k = nπ/L,         n = 1,2….. 
 
In other words, the wave-function for an electron in an infinite potential well is of the form   

                            ψ (x) = Asin(nπx/L) 
To find the value of A, we need to normalise the function, i.e. 

 

A2 sin2 (nπx
L
)dx =1

0

L

∫

This gives us a value for A = (2/L)1/2 
Remember, Energy, E = ½mv2 = p2/2m = 
ħ2k2/2m 
If k = nπ/L, then the Energy levels of an 
electron confined in an infinite well are 
 E = h2n2/(8mL2) 

=> 



There are discrete 
energy values 
allowed.  The particle 
cannot sit just 
anywhere in well  - 
see wave-functions. 
N.B. for reference, 
the electron in this 
case is confined in 
one direction, and 
the energy 
expression has one 
state variable, n.  
This number is 
called a “Quantum 
number”, and the 
more directions of 
confinement, the 
more quantum 
numbers define the 
system.  Electrons 
in atoms also have 
quantum numbers: 
n, l and m.  

Bound states – electron in a finite potential well 
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The solutions are of the form:  

   

2m(V − E)
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ψI(x) = A1ek1x  where k1 =  

ψII(x) = A2eik2x + B2e-ik2x where k2 =  

ψIII(x) = A3e-k3x  where k3 = k1 
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ψ I (x) =  Eψ I (x)

 
− 

2

2m
∂2

∂x2ψ II (x) =  Eψ II (x)
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ψ III (x) =  Eψ III (x)



Matching the wave-functions and their first derivatives at the boundaries (x = 0 & L)  
yields the following relationships: 
 
A1 = A2 + B2 

k1A1 = ik2A2 – ik2B2   
A2eik2L + B2e-ik2L = A3e-k1L 

ik2A2eik2L – ik2B2e-ik2L = -k1A3e-k1L 

Solving simultaneously, we end up with  
Transcendental relationships, which can only 
Be solved graphically or numerically: 
 
k1tan(k1L) = k2       A1 = A3, and B2 = 0 
 
k1cot(k1L) = -k2     A1 = -A3, and A2 = 0 
 
N.B. solutions alternate in symmetry 
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Now, in a semiconductor, as well as electrons, there are holes.  If we make a 
sandwich structure with the sort of energy profile we just saw, then holes see a 
similar potential.   
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This is a semiconductor laser! 

To see how this works, if we label 
the  
Energy levels in the conduction 
and valence bands as C2, C1, V1 & 
V2 (starting from the top state), 
then we can have transitions 
(electron-hole recombination) from 
C2-V2 and C1-V1.  Quantum 
Mechanics tells us that transitions 
can only occur between energy 
levels of similar symmetry, so we 
cannot have transitions from C1-V2 
or C2-V1.  As there are two 
possible transitions, there are two 
wavelengths that this particular 
laser can lase at.  Experimental 
graphs are shown on the left.  
Later in the course, we will see 
how to actually make such 
structures, i.e. how to create 
potential wells.  
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So far, we have seen that if we confine an electron in any potential well, it can no longer be in 
the continuum of free states, but instead must be in a discrete, well-defined energy level.  This 
is due to the wave-nature of quantum particles, that essentially the wave-functions describing 
the particle can only have wavelengths, ln, such that the size of the confining potential is an 
integer multiple of ln/2.  This is exactly analogous to the formation of standing waves, and has 
an optical analogue in the Fabry-Perot cavity.  Now we turn our attention to the Hydrogen 
atom, which is the simplest possible atom.  It consists of a single electron bound to a proton: 
 

In this case, what is binding the electron to the proton is the Coulomb 
potential i.e. V(r) = - e2/4πε0r.  If we insert this potential into the Schrödinger 
equation, the solution comes out in the form of “associated Laguerre” 
polynomials, which are well-known complex functions.  The main results of 
the analysis however, are as follows: 

A brief look at the Hydrogen atom 

~ 0.05 nm 



•  There are now 4 quantum numbers, l, m, n, and s.  The first three refer to the shape of the 
wave-function, and the fourth, “s” refers to an intrinsic property of the electron known as it’s 
“spin”.  It is beyond the scope of this course to explain the origin of electronic spin, but it is 
what makes electrons in atoms magnetic.  That area of science dealing with utilising the 
interaction of the electron spin with magnetic materials is called “spintronics”. 

•  The electron can exist in a number of “orbitals”, denoted by s, p, d, and f.  (This s has 
nothing to do with the spin quantum number, s!), in order of energy.  The orbitals represent 
the probability distrubition of finding an electron: due to Heisenberg’s uncertainty principle, it 
is impossible to locate an electron exactly at any given time.  

•  The energy of the electron bound states are given by: 
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proportional to 1/n2, in contrast to the infinite well where the energy levels go as n2.  Here, Z is 
the nuclear charge, and m is the electron mass. 
•  Each orbital can accommodate two electrons, so long as they have opposite spin 

(otherwise, they would have all 4 quantum numbers equal, which is forbidden in QM : this is 
known as the “Pauli exclusion principle”) 



What do the wave-functions look like?  s – orbitals are spherical, p are dumb-bell shaped, and d 
and f are more complex. 
Visualising Hydrogen’s atomic orbitals 
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The Radius of 
the 1s orbital, i.e. 
the most 
probable 
distance from the 
nucleus for 
finding the 
electron is 
approximately 
RB/2, where RB is 
called the “Bohr 
Radius”, which  
is 0.52 
Ångstroms. 
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If we plot out a cross-section of the Hydrogen 1s orbital (the first orbital to be filled, 
and the one in which in real life the electron resides), we see: 

From Atoms to Molecules to Crystals 

What happens if we now introduce a second proton, and share the electron between the two?   

 
This is the H2

+ molecule.  Without solving anything (this is a surprisingly complicated problem, 
despite it’s apparent simplicity), and just to a very loose approximation we say that the 
resultant orbitals are due simply to the sum and difference between the separate orbitals, we 
see the following: 
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Here, we have placed the protons at +1 and –1 Ångstroms from the origin.  The red and 
blue curves show the “bonding” and “Anti-bonding” orbitals, respectively.  The bonding orbital 
has a slightly lower energy than the anti-bonding orbital.  If we were to try to put more electrons 
in here, we could put another one into the bonding orbital, and then the next two into the anti-
bonding orbital.  Subsequent ones would go into modified p, d and f orbitals.   

The closer the protons come together, the greater will be the energy difference between the 
bonding and anti-bonding orbitals.  Also, the more atoms we add in, the more possible orbital 
combinations arise.  This is the origin of band structure as seen in molecules and crystals.  We 
will return to more detailed calculations of band structure later on.  In crystals, we would call the 
bonding orbitals the valence band and the anti-bonding orbitals the conduction band.  For 
molecules, the convention is to call these the HOMO (highest occupied molecular orbitals) and 
LUMO (lowest unoccupied molecular orbitals) levels, respectively.  As an example, consider the 
C60 molecule, which has several names, Buckminsterfullerene, or Buckyball.   

 



Even though this molecule only has 60 atoms, it has a fairly complex band structure!  Going 
on and making a crystal, we will have even more energy levels and more states in the bands.  
We will see this later on. 

This plot shows the band structure of the C60 
molecule, and you can see 6 distinct bands.  This 
is a semi-log plot, and on a linear scale, the bands 
would appear very sharp, unlike what we see for 
bulk materials.  

Image of C60 molecule 



Field emission : apply a high enough electric field to a metal, and 
electrons will be ejected.  Extreme form of tunnelling.    

Field emission is most useful in flat-panel 
displays: 

A high voltage is applied between the 
gate and the microtips to get field 
emission.  Microtips are used because 
they enhance the local electric field 
compared to a flat electrode (Field ~ 
Voltage/radius of curvature).    

The potential as seen by an electron is  

V(x) = Φ - eFx     ……. F = electric field 
 
To solve Schrödinger’s equation for  
this form of potential is non-trivial.  The  
solution is in the form of Airy Functions.   
Using approximation methods, it can however  
be solved. 
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The WKB (Wentzel, Kramers, Brillouin) approximation  

Remember, for a square barrier, we found that 
If we consider the case where k2a>>1, then  
sinh(k2a) = (ek

2
a-e-k

2
a)/2 ~ ek

2
a/2 

Therefore, T -> (4k1k2/(k1
2+k2

2))2e-2k
2

a 

If we take the natural logarithm of T: 
LnT ~ ln(4k1k2/(k1

2+k2
2))2 – 2k2a    ~ -2k2a 

=> T ~ e-2k
2

a 
Therefore, if we take a barrier of arbitrary shape, split it up into a series of thin strips of width 

a, in the limit a->0 we can approximate the overall Transmission probability as a sum over all 
those strips.  If they are narrow enough, that summation becomes an integral. 

 

 
 
N. B. this approximation is only valid when the square root is real (i.e. when V>E, or when there 
is tunnelling).   
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Points A & B represent the classical turning points, and it is in the region between them that the 
integral should be evaluated. 

 

              i.e.  

 
Let us try an example using the WKB method: Field emission. 
We have already seen that the form of the potential is  
                        V(x) = Φ - eFx 
Where Φ = work-function of the metal, and F is the applied electric field strength 

 

That means  
 
The integral can be evaluated using the substitution eFx/Φ = sin2θ 
i.e. dx = 2(Φ/eF)sinθcosθdθ	

 
Then     
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We can simplify this integral by letting  
      Cosθ = G  
=>  -Sinθdθ = dG 

Therefore, the integral becomes -∫G2dG = -G3/3 
Which leaves us with: 
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If we plot  ∫TdF  ~ Current density, 
J, we get the following: 
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This is a simplified version of the  
Fowler-Nordheim equation 
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                                       Experimentally 
 
 
 
 
 
 
 
 
 
 
The reason for the difference in the curves as the plate separation decreases is that f depends on the 
distance between electrodes due to the image potential.   
The image potential is due to the fact that an electron in the tunnelling barrier will induce an 
image charge on the electrodes. 
If the electron – electrode distance is x, the image potential for a single electrode is –e2/4x.  
This will reduce the actual applied potential between the plates.  cf. Collapse of the barrier for 
small separations.   

Here the experiment was to measure 
the field emission current between a 
sharp tip and a metal plate, for three 
different distances between them 


