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Lecture 2 (09/10/2012) 

•   Wave packets 

•   Visualisation of wave-packet propagation 

•   Quantum States, operators & the basic postulates of QM 

•   The correspondence principle & the Schrödinger equation 



Wave-packets & the uncertainty principle 
 

 If indeed particles behave sometimes like waves, it should be possible to formulate Wave-functions 
describing particles.  E.g. consider the simplest (plane) wave traveling in the x-direction:      

                                              A = A0cos(ωt - kx)  ω = angular frequency, 2πf 
       k = wavenumber, 2π/λ 

 
Unfortunately, this wave extends infinitely through space, so it cannot be used to describe a particle, which by 
it’s very nature is locally confined to a region of space.  However, if we now add a second wave to this one, 
of slightly different frequency, ω2, and k-vector k2, we get beats:  i.e. 
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  Superposition of waves leads to localisation 

Adding in subsequent waves 
increases the localization -> 
wave-packets. 



Mathematically, let us see how this arises.  Consider the superposition of two waves of the  
same amplitude, and slightly different frequencies. 

 

 This reduces to: 

 

 

Where                                                   , and similarly for k+, k-. 

 

This describes the second waveform shown in the last Figure.  The regions of concentrated 

amplitude travel through space with velocity ω-/k- = c (the speed of light).  These are wave 

packets. 

It is more general, and mathematically easier to use the complex representation of a wave, A = 

A0ei(ωt-kx), so we will adopt this from now on.  So far, we have only looked at the simplest possible 

scenario: two plane waves combined to produce beats, which show the beginnings of localisation.  

We saw that successive addition of more plane waves results in further localisation.  To take this 

to it’s natural conclusion, we construct a general wave-packet as follows: 

A = A0 cos ωt − kx( ) + cos ω 2t − k2x( )( )

A = 2A0 cos ω
+t − k+x( )cos ω −t − k−x( )( )

ω + = ω +ω 2

2
, ω − = ω −ω 2

2
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where f(k) is the spectral function specifying the amplitude of the harmonic with wave-vector k, 
and frequency ω = ck.  As an example of this, consider a Gaussian spectral function, i.e. 
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Using the fact that for electromagnetic waves, ω = ck (ω = 2πf,  k = 2π/λ), our integral becomes: 
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This is known as a Gaussian Integral, and the easiest way to solve is to change the variables : let x – ct  x’, 
and k - (ib/2a)  k’, where a = 1/2δ2 and b = x - ct.  This gives us  
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This integral is just equal to √(π/a)  

General wave-packet, 

Wave-packet propagating in the +x direction 



Plotting this, we see: 
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                                                                                             By using this weighted spectral function, we have  
                                                                                                produced a propagating wave-packet centered at x = ct,  

                                                                                        which moves with the velocity c = ω/k.  The spatial  

                                                                                                 extent of this wave packet is constant at ∆x = 1/δ, and  
                                                                                          does not change with time.  Remember, from the  

                                                                                               form of Gaussian we used, the width of f(k) = ∆k = δ. 
                                                                                        Therefore, we have the relationship: 

 

∆x∆k = 1 
 This is equivalent to saying that the sharper the localization of the wave-packet in x-space, the wider is its  
spectrum in k-space.  Our postulate from earlier said that due to the wave-particle duality particles  

have a wavelength, λ associated with them, which is related to their momentum by λ =h/p, and given  
that k = 2π/λ, we end up with the result: 

∆x∆ p = ħ 
 This is tantamount to saying that the more accurately we know the position of a particle, the less accurately we  

can know it’s momentum, and vice versa.  This is essentially Heisenberg’s uncertainty principle,  

and is due to the very nature of waves.  As an example of this, remember our initial wave, E = E0ei(ωt-kx).   

This describes a wave packet of a single wavelength, i.e. ∆k = 0, so the spatial extent is infinite.   
The momentum is precisely ħk, and the position is completely indeterminate.  (not useful for describing a particle) 

time 
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Matter 
waves 
 
Electromagnetic 
radiation 

Energy 

Matter-wave packets describing real particles 
 

 So far, we have seen that by combining a series of plane waves weighted by a  
spectral function, we can generate a wave-packet, which propagates through space at a velocity  
c, and with a constant spatial extent.  However, we made the explicit assumption that ω/k = c. 
  Given that Planck showed that the energy of a photon of angular frequency ω is ħω, that means  
that the energy-momentum (E-k) relationship for electromagnetic waves is E = ħkc.  However,  
for particles, (Kinetic) energy = ½ mv2, and given that momentum, p = mv, energy = p2/2m. 
Therefore, for “matter waves”, E = ħ2k2/2m 
i.e.: 
 

Let us perform the same analysis as earlier for electromagnetic wave packets. 

          k (momentum) 

Matter EM 
radiation 

momentum ħk 
 

ħk 

Energy ħ2k2/2m ħkc 



The Maths is now more complicated, as for matter waves, E = ħω and E = ħ2k2/2m 
=> ω = ħk2/2m  

Using this in the expression for the wave-packet, we get: 
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Rather than integrate this, consider approximately what is happening: 

At time t = 0, the momentum is uncertain by an amount Δp ~ ħ/Δx0 

 Velocity is uncertain by an amount Δv = Δp/m ~ ħ/mΔx0 

 The distance travelled by the particle in a time, t, is uncertain by an amount Δx = tΔv  

  Δx  ~ ħt/mΔx0 

i.e. the wave-packet spreads out with time, at a rate dependent on the initial uncertainty 

  



The wave-function 
spreads out due to an 
increase in uncertainty 
about the particle’s 
position.  The actual size 
of the particle remains 
constant. 
This spreading out of the 
wave function is called 
“dispersion” 
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Particle motion 

What is the origin of dispersion?  In optics, is due to fact that different wavelengths experience different refractive 
indices, n in a medium, and hence travel at different velocities (c/n).  Why do wave-packets describing particles spread out 
even in a vacuum?  We shall see the details later, but the basic reason is that the ω-k relationship for particles (matter 
waves) is different than that for pure waves.  So, for matter waves, the wave packet is made up by combining waves of 
different k.  Each k has a different ω, and hence a different velocity.  Therefore, with time, the wave-packet will 
automatically spread out. 

 

i.e. a free particle travelling through space will develop like this: 



Visualisation of wave-packet propagation 

1.  Electron impinging on a  
potential barrier of lower energy 
 – it looks as if part of it is reflected.   
What is actually happening is that  
there is a finite probability of it  
being reflected (later in the course, we will 
see how to make such a barrier structure) 

2.  Electron impinging on double 
Slits – diffraction – explains  
experimental result from last lecture 

Experimental evidence?...... 



The picture on the left shows a nanotube 
which is placed across two electrical 
contacts (gold is used because it doesn’t 
oxidise in air).  A third contact is used as a 
gate, i.e. if a voltage is applied to it, the 
current in the nanotube changes.  On the 
right is a representation showing what 
happens to an electron in the nanotube. 

How do we know any of this wave-packet representation is true? 

1. Quantum interference of electrons: double-slit experiment. 
2. Recent experiment (Liang et al, Nature, 411, 665, (2001)) of electrons in a “waveguide”, i.e.  
a carbon nanotube. 
3.Oscillations in Tunnelling current 
……… 

 Carbon Nanotube electron “waveguide” 

 

What does this all mean?  The 
oscillations in differential conductance 
are actually due to the fact that the 
nanotube acts like a cavity, whose ends 
are defined by the gold electrodes.  The 
wave-packets associated with the 
conduction electrons set up standing 
waves in this cavity, for certain electron 
wavelengths (can you work out what 
these are?).  The gate voltage changes 
this wavelength, so we see periodic 
changes in conductance.  This has been 
nick-named an electronic Fabry-Perot 
resonator. 

Measurement of  
current flow through 
such a device: 

~ 200 nm 



Experiment 

Theory 

 We shall see later in the course that it is possible to get an electrical current to flow between two 
metals even when they are not touching.  They have to be very close for this to happen, and the origin is 
purely quantum-mechanical.  This is called “Tunnelling”, and is actually one of the most detrimental effects 
to shrinking transistors below 100 nm.  The strength of the current varies exponentially with the distance 
between the metals, and this is used advantageously in “Scanning Tunnelling Microscopes” (invented in 
1982), which are capable of “seeing” individual atoms, and have helped to revolutionise Nanotechnology. 
Consider two electrodes about 1 nm apart, with a voltage across them: 
 

 
This wave packet can also bounce  
around inside the cavity to produce  
standing waves: 
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How to use Quantum mechanics 
1.  Quantum states – Wave-functions. And their properties 

2.  The 2 basic postulates/assumptions of Quantum Mechanics 

3.  The Correspondence Principle – how to convert from Classical to Quantum Mechanics 

4.  Schrödinger’s Equation – where it comes from and what it is 

 
 Quantum states 

 

In classical mechanics, the state of a particle of mass m is described by knowing its position 
(r) and momentum (p) at any time.   

 
Classical equations of motion: 

 
F = dp/dt = ma…………………Newton’s 2nd law (a = acceleration) 
 
L = KE-V………………………..Lagrangian   
 
 H = KE+V……………………….Hamiltonian 
 

KE = Kinetic energy, V = potential energy, F = force, p = momentum, a = acceleration, m = mass. 



Quantum mechanically, the state of a particle is described by its wave 
function, ψ, which has the following characteristics: 

 
The state of a quantum particle at time t is described by a continuous, non-singular, complex wave 
function ψ(r,t), which can be normalised so that the square of its modulus is equal to the probability 
density for the results of a position measurement. 

        Postulate 1. 
 
i.e. Normalisation =>  Ψ Ψ* d r

allspace

3 1∫ =

All this means is that there must be a finite probability of finding particle… 

Once we know ψ, how do we extract p, E, etc? 

èOPERATORS 

e.g., a free particle has ψ(r,t) = Cei(p.r-Et)/ħ.  If we differentiate w.r.t. time, t, we get: 

 

            

 
i ∂
∂t
ψ (r,t) = Eψ (r,t)



Similarly, to obtain the momentum, p, if we differentiate w.r.t. spatial co-ordinates, r, 
 
 

        
 
The functions acting on ψ(r,t) are called Operators.  These are eigenvalue equations of the 

form 
 

                    

where a is the eigenvalue of the operator Â, and ψ(r,t) is the corresponding eigenfunction. 
Because the eigenvalues pertain to real measurable variables, they themselves must be real, i.e. the operators 
must be Hermitian. 
 

 A dynamical variable is represented by a linear Hermitian operator Â whose real eigenvalue 
spectrum is the set of all possible results of a measurement of that variable.  The eigenfunction 
corresponding to a particular eigenvalue a describes an eigenstate of the quantum system, on which a 
measurement of the variable represented by Â yields the value a with probability 1. 

               Postulate 2. 
 

 
−i ∂

∂r
ψ (r,t) = pψ (r,t)

 A
ψ  =  aψ

 
Energy operator, E = i ∂

∂t
 

 
Momentum operator, p = −i ∂

∂r
 

 
Kinetic Energy operator, p
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Now Quantum Mechanical equation of motion is: 

      

    Hψ(r,t) = Eψ(r,t)     

     

Expanding H,  
                    

 

This is the celebrated time-dependent Schrödinger equation 
Using separation of variables and assuming that ψ(r,t) =  ψ (r)xT(t)    
we can see that both sides of this equation can be put equal to some constant  
value, which we will call E.  That gives: 

    

    T(t) = Ae-iEt/ħ         
  Hence, we can reduce our equation to: 

                         

        
 

 
This is the time-independent Schrödinger equation, which we will now solve for various 

situations.  
Now we can see why we called the constant “E”, because it is the Energy! 
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∂r2  ψ (r,t)+V (r)ψ (r,t) =  i ∂
∂t
ψ (r,t)

 
− 

2

2m
∂2

∂r2  ψ (r)+V (r)ψ (r) =  Eψ (r)



What is the effect of performing measurements on a quantum system? 
 

•  The standard interpretation is that we start off with a system of  
wave function ψ(x,y,z,t).  When we perform a measurement of a quantity  
described by the operator Â, the system is disturbed and the wavefunction        
collapses into the eigenfunction (one of the basis states ψn(x,y,z,t)) corresponding 
to the measured eigenvalue.   

•  In between measurements, ψ(x,y,z,t) evolves according to the time-dependant 
Schrödinger equation.   
The most commonly known example of this is the thought experiment  
involving Schrödinger’s cat. 
 

•  Because of this sort of complexity, there is even today still a great  
deal of debate concerning the true nature of “measurement” in QM systems. 
We will make use of the superposition principle later when we look  
at perturbation theory, but until then, we will look at some applications  
of Schrödinger’s equation. 


