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Outline  

• PART 1: Fundamentals of Density functional theory (DFT) 
– Solving the many body Schrödinger equation 

– Application of DFT in crystalline solids 

 

• PART 2: Doing DFT calculations 
– An introduction to the VASP software 
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Computational material science 

Goal: Describe properties of matter from theoretical methods 
rooted in fundamental equations  

 

Structure 

Vibrational properties 

Optics 

Magnetic 
properties 

Electronic properties 
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PART 1 Fundamentals of DFT 



5 

Some definitions 

• A wave function in quantum mechanics describes
the quantum state of a set of particles in an
isolated system.

• Operator: Does a mathematical operation on a
variable

• Quantum mechanical operator: Any observable in
quantum mechanics is represented by an operator

• Ground state: The most stable state of a system

– lowest energy

e.g. a derivative 
𝜕

𝜕𝑥

Kinectic energy: − ℏ
2

2𝑚

𝜕2

𝜕𝑥2
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Many particle problem in solids  

Find the ground state for a collection of atoms by solving the  Schrödinger 
equation: 

 
    𝑯 𝝍 𝒓𝒊, , {𝑹𝑰 ) = 𝑬𝝍( 𝒓𝒊 , 𝑹𝑰 ) 
 

The Born Oppenheimer approximation: 
𝑚𝑛𝑢𝑐𝑙𝑒𝑖 ≫ 𝑚𝑒 

The dynamics of atomic nuclei and 
electrons can be separated .  

 
Slow  Fast 

 

 
 
 

𝜓 {𝑟𝑖 , } , {𝑅𝐼 } → 𝜓𝑁 𝑅𝐼 ∗ 𝜓𝑒({𝑟𝑖}) 
 
 
  Decouple into two wavefunctions 

𝐻 = 𝑇 + 𝑉 𝐶𝑜𝑙𝑜𝑢𝑚𝑏    𝑉 𝐶𝑜𝑙𝑜𝑢𝑚𝑏 =
𝑞𝑖𝑞𝑗

|𝑟𝑖−𝑟𝑗|
 (pair of charged particles) 

      𝑇 : kinetic energy operator  



7 

Many particle problem in solids: solve the 
Schrödinger equation for electrons 

The electronic hamiltonian consists of three terms :  
 

𝐻 = −
ℏ2

2𝑚𝑒
 𝛻𝑖

2

𝑁𝑒

𝑖

+ 𝑉𝑒𝑥𝑡 𝑟𝑖 +  𝑈(𝒓𝑖 , 𝒓𝑗)

𝑗>1

𝑁𝑒

𝑖=1

𝑁𝑒

𝑖

 

𝐻 𝜓(𝒓𝟏, 𝒓𝟐, 𝒓𝟑…𝒓𝑵) = 𝐸𝜓(𝒓𝟏, 𝒓𝟐, 𝒓𝟑…𝒓𝑵) 



8 

Many particle problem in solids 

• CO2: 6+16 = 22 electrons 
– Three spatial coordinates per electronic position 

– Schrödinger equation becomes a 66 dimentional problem 

 

• Pb nanocluster (82 electrons per atom) 
- 100 atoms -> 8200 electrons 

- Schrödinger equation becomes a 24 600 dimentional proplem 

 

Solving the Schrödinger equation for materials is practically a bit of a hassle  
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Density functional theory  
 – from wavefunctions to electron density 

Define the electron density in terms of the individual electron wave functions:  

𝑛 𝒓 = 2 𝜓𝑖
∗ 𝒓 𝜓𝑖(𝒓)

𝑖

 

The jth electron is treated as a point charge in the field of all the other 
electrons. This simplifies the many-electron problem to many one 
electron problems: 
 
 
𝜓 𝒓𝟏, 𝒓𝟐, 𝒓𝟑…𝒓𝑵 = 𝜓 𝒓𝟏 ∗ 𝜓2 𝒓𝟐 ∗ 𝜓3 𝒓𝟑 ∗ ⋯∗ 𝜓𝑁(𝒓𝑁)  (Hartree product) 

Define the electron density:  
𝑛 𝒓 = 𝜓∗ 𝒓1, 𝒓2…𝒓𝑁 𝜓 𝒓1, 𝒓2…𝒓𝑁  3N dimensions reduces to 3 
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Density functional theory 
 - from wave functions to electron density  

Hohenberg and Kohn – at the heart of DFT 
 
THEOREM 1: The ground state energy E is a unique 
functional1 of the electron density: 
 
 
 
THEOREM 2: The electron density that minimizes the 
energy of the overall functional is the true ground state 
electron density.  
       

𝐸 = 𝐸[𝑛(𝒓)] 

1 functional is a function of a function. I.e an integral: 𝐹 𝑓 =  𝑓 𝑥 𝑑𝑥
1

−1
 

𝐸[𝑛(𝒓)] > 𝐸0[𝑛0(𝒓)] 
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The energy functional 

𝐸 𝜓𝑖 = 𝐸𝑘𝑛𝑜𝑤𝑛 𝜓𝑖 + 𝐸𝑋𝐶[{𝜓𝑖}] 

𝐸𝑘𝑛𝑜𝑤𝑛 𝜓𝑖 = −
ℏ

𝑚𝑒
  𝜓𝑖

∗𝛻2𝜓𝑖𝑑
3𝑟 +  𝑉 𝒓 𝑛 𝒓 𝑑3𝑟 + 

𝑒2

2
 

𝑛 𝒓 𝑛 𝒓′

𝒓 − 𝒓′
𝑑3𝑟𝑑3𝑟′

𝑖

+ 𝐸𝑖𝑜𝑛 

 

 

 

𝐸𝑋𝐶[{𝜓𝑖}]: exchange-correlation functional 

   - Includes all quantum mechanical terms  

   - Not known – needs to be approximated 

 

    Simplest XC-functionals:  
LDA : Local density approximation 
GGA: Generalized gradient approximation 
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The Kohn Sham scheme 

Solve a set of single-electron wave functions that only depend on three 
spatial variables, 𝜓(𝒓) 

 

  −
ℏ

2𝑚
𝛻2 + 𝑉 𝒓 + VH 𝐫 + VXC 𝐫 𝜓𝑖 𝒓 = 𝜖𝑖 𝒓 𝜓𝑖 

 

 Self-consistency scheme: 

The exchange-correlation potential 
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Forces on atoms easily calculated when 
electron ground state is obtained 

𝐹𝐼 = −
𝑑𝐸

𝑑𝑟𝑰
= − 𝜓𝑖

𝜕𝐻 

𝜕𝑟𝐼
𝜓𝑖  

• By moving along the ionic forces (steepest descent) the ionic ground 
can be calculated 

 
• We can displace ions from the ionic groundstate, and determine the 

forces on all other ions 
• Effective interatomic force constants and vibrational frequences  
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Crystalline solids and plane wave DFT 
A crystal: periodic arrangement atoms 

Free electrons: Plane waves:  

Electrons in a periodic potential 
are Bloch waves:  
𝜓𝑛𝒌 𝐫 = exp 𝑖𝐤 ∙ 𝐫 u𝑛𝐤 𝐫  

(Perturbed free electrons) 
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Crystalline solids and plane wave DFT 
 -Cutoff energy 

• Reciprocal space:  

 

 

All periodic functions can be expanded by a Fourier series:     

 

𝜓𝑛𝒌 𝐫 = exp 𝑖𝐤 ∙ 𝐫 u𝑛𝐤 𝐫 = exp 𝑖𝐤 ∙ 𝐫  𝑐𝒌exp(𝑖𝑮 ∙ 𝒓)

𝑮

 

          = sum of plane waves 

• Each plane wave in the sum have kinetic energy: 𝐸 =
ℏ

2𝑚
𝐤 + 𝐆 2 

• Numerically we must define a cutoff energy for the expansion! 
• The choice of cutoff energy must be tested with respect to energy convergence in 

calculations  

ℱ           = 

Real space 
Reciprocal space 
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Crystalline solids and plane wave DFT 
 - k-points 

ℱ           = 
• Wavevectors 𝒌 =

2𝜋

𝜆
 
1

𝑚
 are reciprocal space 

 
• The primitive unit cell in reciprocal space is 

called the 1st Brillouin Zone (BZ)  
 

• Any k-point that differ by a reciprocal lattice 
vector G are equivalent : k`=k+G 
 

• Integrals need only be evaluated in the 1st BZ 
 

Real space 
Reciprocal space 

• Numerically we must chose an approprate number of 
k-points to sample the BZ 

• The k-point sampling must be tested with respect to 
energy convergece   
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Pseudopotentials 

• Chemical bonding and other characteristics of 
materials mainly characterized by valence (outer 
shell) electrons Core electrons thus less important 

 

• Pseudopotentials replace the electron density from 
a chosen set of core electrons with a smoothed 
density 

– Frozen core approximation  

 

 

 

• Current DFT codes typically provide a library of 
potentials for different elements  



18 

Supercells and periodic boundary conditions 

Defects 
Molecules 

Interfaces 

Vacancy 

Calculations are performed with periodic 
boundary conditions:  
 
 
 
 
 
But non-periodic entities can also be treated   
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PART 2: Doing DFT calculations 
     -practical aspects 
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What is VASP?  
• One of the software packages that uses DFT 

to solve the quantum problem for materials 
 

• Uses periodic boundary conditions 
 
• Uses pseudopotential method with a plane 

waves basis set  
 

• Can model systems with maximum no. of 
atoms in the range of 100-200  
 

• Commercial software package  
 

Other DFT packages (public lisence)  
• Quantum espresso (www.quantum-

espresso.org)  
• Abinit( www.abinit.org)  
• Siesta (http://icmab.cat/leem/siesta/)  
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VASP input files 

• INCAR 
– User spesified parameters that define the 

calculation 
• Global break condition, Energy cutoff, Ionic and 

geometric relaxation degreses of freedom 

• POSCAR 
– Specifies the periodic simulation cell 

– Information regarding the geometry of the system 

• POTCAR 
– Pseudopotential (PP) file 

– Information on PP and XC functional 

• KPOINTS 
– defines k-point mesh for the Brilloun zone 
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Example: BaTiO3 

Lattice vectors: 
a = b= c = 4.01 Å 
 
Fractional ionic 
coordinates:  
Ba : (0 0 0) 
Ti : (0.5 0.5 0.5) 
O1: (0.5 0.5 0) 
O2: (0 0.5 0.5) 
O3: (0.5 0 0.5) 

Visualization program (freeware): VESTA   

Ba 

O 

Ti 
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The POSCAR file 

BaTiO3 
1.0 
        4.0100002289         0.0000000000         0.0000000000 
        0.0000000000         4.0100002289         0.0000000000 
        0.0000000000         0.0000000000         4.0100002289 
   Ba   Ti    O 
    1    1    3 
Direct 
     0.000000000         0.000000000         0.000000000 
     0.500000000         0.500000000         0.519999981 
     0.500000000         0.500000000         0.000000000 
     0.500000000         0.000000000         0.500000000 
     0.000000000         0.500000000         0.500000000 

Scale factor for 
lattice vectors 

Cartesian lattice 
parameters 

Fractional ionic 
coordinates 

Number of each element 
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The INCAR file 

ENCUT     =  650   
NSW = 100                   
EDIFFG    = -0.001   
EDIFF     =  1E-07    
ISIF      =  3    
IBRION    =  2     

ENCUT tag: Sets the energy cutoff  
•  Energy convergence testing required 
 
NSW tag: Sets the maximum electronic steps 
• To prevent a non-converging calculation to run 

forever  
 
EDIFFG tag: Sets the convergence criterion for ions 
• Forces on ions or total energy 
 
EDIFF tag: Sets the global break conditions for electrons 
in the SC-loop 
• Electronic relaxation will be stopped if the total 

energy change is less that this value 
 
ISIF tag: determines which degrees of freedom (ions, 
cell volume, cell shape) are allowed to change 
• In accordance with the purpose of the calculation 
• Number correspond to various degrees of freedom 
 
IBRION tag: Desides how ions are updated and moved 
• Numbers 0,1,2 correspond to different algorithms 
 
 

Many more tags can be set 
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The KPOINTS file  

Automatic mesh 
0 
Gamma 
4 4 4 
0 0 0 

Generate Gamma-centered k-mesh 

Subdivisions N1, N2 and N3 along recipr. l. vectors 

Optional shift of the mesh  

Number of k-points = 0 ->automatic generation scheme  

• Subject for convergence testing 
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POTCAR file 
Library of pseudopotentials provided with VASP 

Type of pseudopotential 

The spesific XC potential 

Number of 
valence electrons 
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Standard output files 

• CONTCAR – Contains position of the system after 
the calculation has completed  

• OSZICAR – Contains data of electronic steps and 
ionic steps  

• OUTCAR – Complete output of run including input 
file data  
– Total forces, charges on ions, symmetry …  

• CHGCAR – Charge density of system after run  



28 

OSZICAR: Electronic minimization 

Resulting energy from 
electronic steps 

Energy difference 
between steps 

Electronic iterations 
before electron 
convergence 
reached 

Total 
energy 
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Obtaining reliable total energies 
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• k-point density and cutoff energy must 
be sufficiently large to obtain converged 
energies 

NB: 
Total energies are phyically quite meaningless in DFT, energy differences are relevant  
Energy resolution in DFT ~1meV/atom 
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DFT as a theoretical microscope 

DFT can obtain 
– Structure beyond the current capabilities of experiments. 

– Predict properties at a resolution and length scale currently 
inaccessible to experiments.  
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What’s going on 
here?!? 

Modern electronics is all about thin film technology 
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With DFT 
• We are in complete control of the degrees of freedom 

- We can isolate effects 
• We know our model, so we know exactly what we «measure» 

- But does the model correpond to reality?  
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Looking through the DFT microscope 

partial charge density: 

Orbital resolved density of states (DOS) 

Structural responses to strain and defects 
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Summary 

 

 

• Density functional theory is a powerful tool for predicting 
material properties 

 

• Doing DFT calculations is not so scary 
– VASP  - commercial softwave for DFT calculations 
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    Thank you 


